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Abstract 

ABSTRACT: Recent analysis of the observation data indicates that the equation of state of the 
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dark energy might be smaller than —1, which leads to the introduction of phantom models featured 



by its negative kinetic energy to account for the regime of equation of state w < —1. In this paper, 
we generalize the idea to the Born-Infeld type Lagrangian with negative kinetic energy term and 
give the condition for the potential, under which the late time attractor solution exists and also 
analyze a viable cosmological model in such a scheme. 
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1. Introduction 



More and more astronomical observations converge on that about two thirds of the energy 
density in our universe is resulted from dark energy that has negative pressure and can drive 
the accelerating expansion of the universe 1]. Many candidates for dark energy have been 
proposed so far to fit the current observations. Among these models, the most important 
ones are cosmological constant and a time varying scalar field evolving in a specific potential, 
referred to as "quintessence"^. The major difference among these models are that they 
predict different equation of state of the dark energy and thus different cosmology. Especially, 
for these models, the equations of state are confined within the range of— 1 < w < — 1/3, 
which can drive the accelerating expansion of the universe. However, some analysis to the 
observation data hold that the range of the equation of state may not always be greater than 
—1, in fact, they can lie in the range —1.38 < w < —0.820]. Especially, the new results 
from SN-Ia alone are suggesting w < — 1 at 1 crjj]. It is obvious that the equation of state 
of conventional quintessence models that based on a scalar field with positive kinetic ene rgy 



ii 



can not evolve to the the r egim e of w < —1, and therefore, some authors 

investigated phantom field models that possess negative 
kinetic energy and can realize w < — 1 in their evolution. It is true that the field theory 
with negative kinetic energy poses a challenge to the widely accepted energy condition and 
leads to rapid vacuum decay|]j|, but it is still very interesting to study these models in the 
sense that it is phenomenologically interesting. 

On the other hand, the role of rolling tachyon in string theory in cosmology has been 
widely studiedj^l]. It is shown that the tachyon can be described by a Born-Infeld (B-I) 
type Lagrangian with a specific potential resulted from string theory. However, it is known 
that the tachyon field is not suitable for driving the late time accelerating expansion of the 
universe because the dynamical evolution does not admit a late time attractor solution j^]. 
In this paper, we combine the two ideas together and introduce the negative kinetic energy 
term to the B-I type Lagrangian and investigate its cosmological evolution. We firstly study 
the B-I type phantom model in an arbitrary potential and give the condition for the potential 
to admit a late time attractor solution that corresponds to the equation of state w = —1 
and then work in a specific viable model. We also demonstrate that current universe is not 
a stable stage in such a model while is in its way to the stable stage, at which the universe 
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is dominated by the vacuum energy like dark energy with a equation of state of — 1. 



2. The Phantom Model With B-I Lagrangian 

Although there exist a number of impressive calculations of the phantom field, yet the 
precise Lagrangian is not completely known at present. Among the many models that have 
been proposed to account for the dark energy in the universe, k-essence is the most general 
formjlSl, in which the lagrangian is expressed as L = L((f),y), where y = ^g^d^d^cf). Sen's 



tachyon theory corresponds to the choice of Lagrangian as L = —V(4>)y/1 + 2y. Gibbonsj 
has argued that there are many objections to a naive inflationary model based on the 
tachyon, but there remains the possibility that the tachyon was important in a possible 
pre-inflationary "open-string era" preceding our present "closed-string ear". In this paper, 
we consider the case that the kinetic energy term is negative 

L = -V{<\>)JY^Yy (1) 

in the spatially flat Robertson- Walker metric, 

ds 2 = -dt 2 + a 2 (t)(dx 2 + dy 2 + dz 2 ) (2) 

Then for the spatially homogeneous scalar field, we have the following Lagrangian 



-V^^l+J* (3) 



where V((f>) is the potential of the model. When we consider the phantom field <fi dominant 
era, the Einstein equations for the evolution of the background metric, G^ v = kT^ can be 
written as: 



»> = (y - (4) 

and 

For a spatially homogenous phantom field 0, we have the equation of motion 

+ 3#0(1 + 2 ) - + 2 ) = (6) 
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where the over dot represents the differentiation with respect to t and the prime denotes 
the differentiation with respect to 0. Eq.© is also equivalent to the entropy conservation 
equation. The constant k = 8ttG where G is Newtonian gravitation constant. The density 
p& and the pressure ps are defined as following: 



v(4>) 
1 + 4 



v<t> 



-K(0) v /i + 2 



(7) 



(8) 



the equation of state is 



-0 2 -l 



(9) 



It is clear that the equation of state w will be less than —1 unless the kinetic energy term 
2 = O. 



3. Dynamical Evolution of Phantom Field 

In this section, we investigate the global structure of the dynamical system via phase 
plane analysis and compute the cosmological evolution by numerical analysis. Firstly, we 
consider the evolution when the phantom field becomes dominant and thus neglect the non- 
relativistic and relativistic components (matter and radiation) in the universe. Then, from 
Eq.(j3J) and (JBJ), we have 

1/2 



+ V 3fix 



v{4>) 
1 + 4 



v{4>) 



(i + 2 



o 



(10) 



To gain more insight into the above equation while not lose generality, we here do not 
specify the potential. Introducing the new variables 



X 
Y 



(11) 



then Eq. ffTUj) becomes 
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(jf [1 + Y 2 )y~ VW^(l + Y 2 f' A Y 
Linearize the above equation around its critical point (X c ,0), one obtain that 

where the critical value of X is determined by V'(X C ) = 0. The types of the critical point 
is determined by the eigenequation of the system 

X 2 + a\ + (3 = (14) 

where a = ^3V(X c )k and (3 = — ^fff ■ The two eigenvalues are 



Ai = - 
2 



\ [~\fmX^ - ^3V(X e ) K + A^^j (15) 

Ai = \ (-y/3V(X c )n + ^ W{X c )k + 4^g^ \ (16) 

For positive potentials, If V"(X C ) < 0, then the critical point (X c , 0) is a stable node, which 
implies that the dynamical system admits attractor solutions. 

In the following, we will show this with a specffic model, to do which, we must specify 
the potential. We choose the widely studied potential for tachyon as 24] 

V(<f>) = V (l + ^)eM-^) (17) 

Y rr (x ) i 

It is not difficult to find that the critical X c = and v ^ x j = — in such a potential. 
Therefore, this model has an attractor solution which corresponds to (f) = 0, <fi = and thus 
w — — 1. Before the field evolves to its attractor regime, the equation of state to < — 1. 

Next, we solve this model via numerical approach. To do this, we firstly re-scale the 
quantities as <fi = x<po and t = s0o- Then the Eq.(jT2"]) becomes dimensionless 



dx , . 

* =» < 18) 

dy x(l + y 2 ) ,„ ,,3,, ,i , x, 

^ = l + x W( + ^ )I( + exp( ~2) 
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where rj = y / 3VoK0o is a dimensionless parameter. The numerical results are plotted in 
Fig.l, Fig.2, Fig. 3 and the parameter 77 = 2.1. 



4. Evolution of phantom at the presence of matter and radiation 

In former section, we study the evolution of the phantom when it dominates over all 
other energy density. Now, we consider the radiation and matter density and investigate the 
evolution of the phantom field. The presence of radiation and matter will alter the Eq.Q 

as 



where pu and p r denote the non-relativistic and relativistic components (or matter and 
radiation) energy density respectively. Eq. (fT9")) could be rewritten as 



where the subscript i denotes the quantity at the initial time tj. p c ^ is the critical density 

3H 2 

of the universe at the initial i, which is defined as p Cj j = — flM,i and f2 rj j are the cosmic 
density parameters for matter and radiation at £«. We introduce the new dimensionless 
variables 




(19) 




(20) 



N 



x 



y 



± 

00 
d(j) 

In a 



(21) 



Then the Eq.© will reduce to the following equation systems 



dx 
dN 



y 




(22) 



where the prime denote the differentiation with respect to x and £ is defined as 




(23) 
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FIG. 1: The evolution of the field <j> with respect to s when the phantom is dominant 
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FIG. 2: The evolution of the equation of state of the phantom w with respect to s when the 
phantom is dominant 
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FIG. 3: The attractor property of the system in the phase plane when the phantom is dominant 
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If we specify the initial scale factor cij = 1 then we can express £ as a function of N 

-1/2 

(24) 

Before we carry out the numerical study, we would like to analyze the system of equations 
qualitatively. When N goes to be very large, or at late time, the contribution to H from 
matter and radiation will become negligible. Therefore, the Eq. (|22jl will reduce to 



£(A0 



kV 

3HfJT+7 2 



-AN 



dx 

In 

dx 
dN 



V{x) 



1/2 



-3y(l + y 2 ) + 



3 V'(x) 
kV{x) 



V(x) 



1/2 



[i + y 2 



(25) 



(26) 



Note that these equations are re-expressions of the Eq. (jl2j) in term of N instead of s. 
These two different expression are essentially the same and therefore the condition for the 
existence of attractor solution V"(x c ) < still hold true. Thus, from the above qualitative 
analysis, we can conclude that for the tachyon potential Eq.(JT7J), there is still a late time 
attractor solution even if at the presence of matter and radiation. 

Next, we will numerically study the system at the presence of matter and radiation in the 
potential (jl7)) and obtain the results that will confirm our qualitative analysis. Substitute 
Eq.(H3) into Eq.fljEJ we have 



dx 
dN 

dy_ 

dN 



H, 



<\N) 



Wo 



£'(A0 



(27) 
(28) 



where £'(N) is 



KV (l + x)e x _ 3N 



-AN 



-1/2 



(29) 



Solving these equations will give us some insights into the evolution of the field and the 
quantities of interest. We specify our starting point as the equipartition epoch, at which 
the VLm = fi r = 0.5. The results are shown in Fig. 4, Fig. 5, and Fig.6 (The plots are done 
by choosing the dimensionless parameter = 0.00000033). From these results, we can 



conclude that the current energy density composition is not an final evolution stage in this 
specific model. In stead, the universe will evolve to a de Sitter like attractor regime in the 
future and the energy density of dark energy will become completely dominant over the 
non-relativistic matter (O^ — > 1) and behave as a cosmo logical constant. 

5. Discussion 

In this paper, we study the cosmological implication of a Born-Infeld type Lagrangian 
with negative kinetic energy term. One may also consider this as a new realization of k- 
essence with an equation of state w < — 1. Analysis to the dynamical evolution of the 
phantom model indicates that it admits a late time attractor solution, at which the field 
behaves as a cosmological constant. Before the field evolves to its attractor regime, the 
equation of state of the field is less than —1. In the k-essence model, the speed of sound is 

P,X J^(j),X + £^i-><t>,xx 
where p = L^(^,X) and p = 2XL ( j )) x — L^((j),X) with X = ^(d^4>) 2 . So, the speed of 
sound of the phantom with B-I Lagrangian is 1 + <f) 2 , which means that the perturbations of 
the background field can travel faster than light as measured in the preferred frame where 
the background field is homogeneous. For a time dependent background field, this is not 
a Lorentz invariant state. However, it does not violate causality because the underlying 
theory is manifestly Lorentz invariant and it is not possible to transmit information faster 
than light along arbitrary space-like directions or create closed time-like curves j^. 

Up to now, the observation data do not tell us what should be the nature of dark energy. 
But the future observation will be helpful to determine whether the dark energy is phantom, 
quintessence, or cosmological constant. If the equation of state w < — 1 is completely 
confirmed by observation, then its implication to fundamental physics would be astounding, 
since it cannot be achieved with substance with canonical Lagrangian. Phantom with B- 
I Lagrangian could be an interesting candidate for dark energy with an equation of state 
w < -1. 
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FIG. 4: The evolution of the equation of state of phantom with respect to N at the presence of 

matter and radiation. Plot begins from the equipartition epoch 
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FIG. 5: The evolution of QjvKblue curve), fi r (red curve)and (orange curve) with respect to N. 

The plot begins from the equipartition epoch (Qjm = £l r ). 
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FIG. 6: The attractor property of the phantepjm at the presence of matter and radiation. Plot 
begins from the equipartition epoch. 
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